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HIGHER AUSLANDER NAKAYAMA ALGEBRAS I
EMRE SEN
Abstract. For any odd integer k where 2 < k < 2n − 2, we construct higher
Auslander algebras for Nakayama algebras of rank n by using syzygy filtration method
introduced in [Sen19]. This answers the conjecture posed in [MMZ20] affirmatively.
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1. Introduction
O. Iyama intoduced higher Auslander algebras in [Iyama07] which corresponds to
cluster-tilting objects. Algebra A is called higher Auslander algebra if dominant di-
mension of A matches with global dimension of A. This generalizes classical Auslander
algebras where
gldimA ≤ 2 ≤ dom.dimA.
In general, it is not easy to classify algebras of given global and dominant dimen-
sions. In [MMZ20], authors give a classification for higher Auslander algebras of global
dimension k for Nakayama algebras of rank n where n− 1 ≤ k ≤ 2n− 2. We solve the
conjecture they stated in the same work, and recover their result by the methods we
develop here:
Theorem. For any odd number k, there exists a Nakayama algebra Λ of rank n such
that global dimension and dominant dimension of Λ are k, provided that k ≤ 2n− 2.
We will give a constructive proof of the theorem, it can be seen as reversing the syzygy
filtration process. Organization of the paper is the following: in the first section we
recall basics of Nakayama algebras and syzygy filtration techiques developed in [Sen19].
In section 3, we apply this to the case k = 3 which will be a basis of inductive approach
in latter sections. Then we construct higher Auslander algebras iteratively by reversing
ε-filtration. In the last section, we compute possible global dimensions of these and
prove the main theorem. Also, we briefly mention results of forthcoming paper [Sen],
along with this, solving conjecture fully. We are thankful to Claus Ringel for his
interest about the syzygy filtration method together with informing us how it fits into
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simplification process nicely [Ringel76] and to Rene Marczinzik for suggesting their
conjecture for a possible application of syzygy filtration, as well as providing some
GAP computations.
2. Preliminaries on Syzygy Filtration
Here we briefly recall some basics about Nakayama algebras. For details we refer to
[Sen18] and [Sen19]. Algebra is called Nakayama algebra if all indecomposable modules
are uniserial. There are two types of Nakayama algebras depending on the underlying
quiver: linear or cyclic. Cyclic Nakayama algebras of rank n can be described by irre-
dundant system of relations αk2i . . .αk2i−1 = 0 where 1 ≤ i ≤ r and kf ∈ {1, 2, . . . , n}
where each arrow αi, 1 ≤ i ≤ n− 1 starts at the vertex i and ends at the vertex i+ 1
and αn starts at vertex n and ends at vertex 1.
Definition 2.1. [Sen18],[Sen19] S(Λ) is the complete set of representatives of socles of
projective modules over Λ i.e. S(Λ) = {Sk2 , Sk4, . . . , Sk2r}. S
′(Λ) is the complete set of
representatives of simple modules such that they are indexed by one cyclically larger
(see definition 2.3.2 [Sen18]) indices of S(Λ) i.e. S ′(Λ) = {Sk2+1, Sk4+1, . . . , Sk2r+1}.
The base set B(Λ) of Λ is given by:
B(Λ) :=

∆1
∼=
∣∣∣∣∣∣
Sk2r+1
...
Sk2
∣∣∣∣∣∣,∆2
∼=
∣∣∣∣∣∣
Sk2+1
...
Sk4
∣∣∣∣∣∣, ..,∆j
∼=
∣∣∣∣∣∣∣
Sk2(j−1)+1
...
Sk2j
∣∣∣∣∣∣∣
, ..,∆r ∼=
∣∣∣∣∣∣
Sk2r−2+1
...
Sk2r
∣∣∣∣∣∣


Definition 2.2. [Sen19] For any cyclic Nakayama algebra Λ, syzygy filtered algebra
ε(Λ) is the endomorphism algebra of direct sum of projective modules over Λ indexed
by S ′(Λ), i.e.
ε(Λ) := EndΛ

 ⊕
i∈S′(Λ)
Pi


Definition 2.3. [Sen19] For any cyclic Nakayama algebra Λ, jth syzygy filtered algebra
ε
j(Λ) is the endomorphism algebra of direct sum of projective modules which are
indexed depending on (j − 1)th syzygy filtered algebra i.e.
ε
j(Λ) := End

 ⊕
i∈S′(εj−1(Λ))
Pi


provided that εj−1(Λ) is cyclic non self-injective Nakayama algebra.
Definition 2.4. [ARS] Dominant dimension of algebra A is:
dom.dimA = sup {n| Ii is projective for i = 0, 1, . . . n}+ 1
where 0 7→A A 7→ I0 7→ I2 . . . is minimal injective resolution of A.
Global dimension of algebra A is supremum of projective dimensions of all A-
modules:
gldimA = sup {pdimM |M ∈ mod-A}
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Remark 2.5. It is convenient for us to study projective dimensions of injective modules
since dom.dimΛ = dom.dimΛop.
Theorem 2.6. Let Λ be a cyclic Nakayama algebra. Then we have:
i) ε(Λ) is Nakayama algebra, its simple modules corresponds to B(Λ).
ii) gldimΛ = 2 + gldim ε(Λ) if gldimΛ ≥ 3
iii) dom.dimΛ = 2 + dom.dim ε(Λ) if dom.dimΛ ≥ 3
Proof. i) See theorem 3.9 [Sen19].
ii) In [Sen19], it is shown that finitistic dimension satisfies fin.dimΛ = 2+fin.dim ε(Λ)
(see prop. 4.5). Since algebra is of finite global dimension i.e. fin.dimΛ =
gldimΛ, claim holds.
iii) By proposition 5.2, [Sen19].

3. Analysis of the Case k = 3
This is the first case we study in details. Later, this will be basis for inductive
methods we develop.
Notation 3.1. • ab denotes the sequence a, a, . . . , a of length b.
• Finite integer sequences in parenthesis () denotes Kupisch series.
• An is Dynkin quiver of rank n.
Example 3.2. For example, (ab) is Kupisch series of rank b selfinjective Nakayama
algebra, where the length of each projective module is a.
Proposition 3.3. Nakayama algebra Λ of format (2n−1, 2n−2, . . . , n+1, nn) satisfies:
i) ε(Λ) ∼= An.
ii) gldimΛ = 3
iii) dom.dimΛ = 3
Proof. We can translate Kupisch series into relations defining Λ:
α2n−1 · · ·αn = 0
α1 · · ·αn+1 = 0
...
αn−1 · · ·α2n−1 = 0.
Therefore the base set 2.1 is B(Λ) = {S1, S2, . . . , Sn−1, Pn}. Only projective modules
starting at simple modules indexed by 1, 2, . . . , n − 1, n has ε-filtration hence it is
isomorphic to An i.e. ε(Λ) ∼= An. An easy consequence of theorem 2.6 is: global
dimension of Λ is 3.
To calculate dominant dimension, it is enough to find projective resolutions of injec-
tive modules In, . . . I2n−2, because those are the only nonprojective injective modules.
We get the resolution
0 −→ P1 −→ Px+1 −→ P1 −→ Ix −→ 0
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where n ≤ x ≤ 2n− 1. Px+1 is projective injective module because n+1 ≤ x+1 ≤ 2n
or x + 1 = 1 by cyclic ordering (def 2.3.2 [Sen18]), therefore dominant dimension is
3. 
Corollary 3.4. For any odd number 2n − 1, there exist higher Auslander algebra of
global dimension 3.
Proposition 3.5. Nakayama algebra Λ of format (nαn, n, n− 1, . . . , 1) satisfies:
i) gldimΛ = 2α+ 1
ii) dom.dimΛ = 2α + 1
Proof. Notice that Λ is a linear Nakayama algebra. We use induction. If α = 1, we get
resolution of injective modules I1, . . . , In−1:
Pn+1 −→ Px+1 −→ P1 −→ Ix −→ 0(3.1)
where 1 ≤ x ≤ n− 1. This shows that dominant dimension and global dimension is 3,
because P1, Px and Pn+1 are projective-injective modules.
Assume that assertation holds for all integers smaller than α. Now, by using the
sequence 3.1 and Ringel’s simplification process [Ringel76], we get Ω2(Ix) as injective
module of α− 1 case. They satisfy:
dom.dim Ix = 2 + dom.dimΩ
2(Ix)(3.2)
since P1 and Px+1 are projective-injective Λ modules. Induction holds.
To determine global dimension, we can count the repetition of the process of sim-
plification, which is simply α. Hence, in each step, we reduce global dimension by 2.
This shows gldimΛ = 2α + 1. 
Corollary 3.6. For any even number n = 2m, there exist higher Auslander algebra of
global dimension 3.
Proof. Linear Nakayama algebra given by series (nn, n, . . . , 1) is higher Auslander al-
gebra of global dimension 3. 
Now, we construct a higher Auslander algebra Λ which is ε-equivalent to algebra of
format (nαn, n, . . . , 1). This can be seen as reversing ε-filtration.
Proposition 3.7. Nakayama algebra Λ of format (2n − 1, 2n − 2, . . . , n + 1, nn, nαn)
and rank nα + 2n− 1 satisfies:
i) ε(Λ) ∼= (nαn, n, . . . , 1).
ii) gldimΛ = 2α+ 3
iii) dom.dimΛ = 2α + 3
Proof. We can use relations to find ε-filtration. The base set is
B(Λ) = {S1, S2, . . . , Sn−1, Pn, Sn+1, . . . , Snα+2n−1}.(3.3)
ε(Λ)-length of modules which contains Pn drops by n. Modules Pn+1, . . . , P2n−1 are
not syzygy filtered. Moreover, projective modules indexed by i, i ≥ 2n preserves their
length, since each composition factor is an element of the base set. These conditions
force that ε(Λ) ∼= (nαn, n, . . . , 1).
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Resolution of injective modules In, . . . , I2n−2 satisfies:
P2n −→ Px+1 −→ P1 −→ Ix −→ 0
where n ≤ x ≤ 2n − 2. P1, Px+1 and P2n are projective injective modules, therefore
dominant dimension reduces by 2:
dom.dim Ix = 2 + dom.dimΩ
2(Ix).(3.4)
By proposition 3.5, ε(Λ) is higher Auslander algebra of global dimension 2α + 1, this
finishes the proof. 
4. Analysis of the General Case
We will use the ideas of the previous section inductively, to construct higher Aus-
lander algebras of arbitrary odd k.
Definition 4.1. To present Kupisch series without cumbersome indices we define the
bracket: [X, Y ] := (X,X − 1, . . . , Y + 1, Y Y ) where X > Y .
Example 4.2. [5, 3] corresponds to format (5, 4, 3, 3, 3)
[9, 5] corresponds to format (9, 8, 7, 6, 5, 5, 5, 5, 5).
(55, [5, 3], 36) presents Kupisch series (5, 5, 5, 5, 5, 5, 4, 3, 3, 3, 3, 3, 3, 3, 3, 3)
Proposition 4.3. Let X = (j + 1)n − j, Y = jn − (j − 1). Nakayama algebra of
format [X, Y ] (see definition 4.1) satisfies:
i) ε(Λ) = [Y, Y − n+ 1]
ii) εj(Λ) ∼= An
iii) gldimΛ = 2j + 1
iv) dom.dimΛ = 2j + 1
Proof. Easiest way to prove the first item is based on relations and the computation of
the base set 2.1 as we did in the proof of proposition 3.7. We also include description
of projectives with respect to their socles [Sen18]: Relations are:
αX · · ·αn = 0
α1 · · ·αn+1 = 0
...
αY−1 · · ·αX = 0.
In particular, classes of projective modules are:
Pn →֒ Pn−1 →֒ . . . →֒ P2 →֒ P1 have simple SX as their socle(4.1)
Pn+1 has simple S1 as its socle
...
PX has simple SY−1 as its socle
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The base set is B(Λ) = {S1, S2, . . . , SY−1,M} where M =
∣∣∣∣∣∣∣∣
Y
Y + 1
...
X
∣∣∣∣∣∣∣∣
. All projective
modules indexed by numbers 1, 2, . . . , Y − 1, Y have ε filtration, their ε(Λ) length
reduces by X − Y which is n− 1. Projective Λ modules indexed by Y + 1, . . . , X are
eliminated, hence ε(Λ) algebra has Y indecomposable projective modules. Lengths of
those projectives forms Kupisch series [Y, Y − n+ 1], the first item is done.
We can apply the proof above recursively to reach An. Completing one step reduces
j by 1, recall that Y = jn − (j − 1). Because An is simply the case corresponds to
j = 1 in X = (j + 1)n− j, we get εj(Λ) ∼= An. Also, this shows that global dimension
of Λ is 2j + 1.
Now, we check dominant dimension of Λ by using syzygy filtrations. An is hereditary
algebra hence dominant dimension is one, which is the first step of induction. Assume
that ε(Λ) is higher Auslander algebra. Injective modules of Λ we need to check are
IY , . . . , IX−1. We have the resolution:
PX+1 −→ Pz+1 −→ P1 −→ Iz −→ 0(4.2)
where Y − 1 ≤ z ≤ X − 1. z + 1 is larger than Y and in particular larger than n,
therefore Pz+1 is projective injective module. Projective cover of the second syzygy is
PX+1 which is cyclically P1 (def. 2.3.2 [Sen18]). Therefore we get reduction:
dom.dim Iz = 2 + dom.dimΩ
2(Iz)(4.3)
By induction, Λ is higher Auslander algebra of global dimension 2j + 1. 
Proposition 4.4. Let X = (j + 1)n − j, Y = jn − j + 1. Nakayama algebra Λ of
format (XαX , [X, Y ], Y βY ) satisfies:
i) If α ≥ 1 then ε(Λ) ∼= (X(α−1)X , [X, Y ], Y (β+1)Y )
ii) If α = 0, then ε(Λ) ∼= (ε([X, Y ]), Y βY )
iii) If ε(Λ) is higher Auslander algebra, then Λ is.
Proof. First we need to find the base set of the given algebra. It includes all simple
modules except {SY , . . . SX}. Indeed, as in the proof of previous proposition the only
module of length greater than one in B(Λ) is M =
∣∣∣∣∣∣∣∣
Y
Y + 1
...
X
∣∣∣∣∣∣∣∣
. Now, syzygy filtration
reduces length of projective modules containing M as subquotient by n− 1, there are
exactly Y many of them. Furthermore, those modules are of length X , therefore we
are shorting modules from the (XαX) part. Remaining modules have ε-filtration by
the simple modules of the base set B(Λ). Therefore, they preserve their length. This
finishes the proof of the first item.
If α = 0, base set has similar structure, all simple modules except simple composition
factors of module M . By proposition 4.3, this gives required result, since remaining
modules cannot have M as subquotient.
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The last item follows easily, since injective modules indexed by IY , . . . , IX−1 satisfies:
dom.dim Iz = 2 + dom.dimΩ
2(Iz)(4.4)
where Iz runs through IY to IX−1. By induction, Λ is higher Auslander algebra. 
5. Computations of Global Dimension
In this section, we compute global dimension of higher Auslander algebras studied
in section 4. And then, we solve diophantine equation, arisen by global dimension
computations, for given k, N which becomes the proof of the main theorem.
Proposition 5.1. Let X = (j + 1)n − j, Y = jn − j + 1. Nakayama algebra Λ of
format (XδX , [X, Y ]) is of global dimension 2(δ + 1)(j + 1)− 1.
Proof. By proposition 4.4 i), we can apply syzygy filtration δ times to get:
ε
δ(Λ) = ([X, Y ], Y δY )(5.1)
and let ε([X, Y ]Y δY ) ∼= Λ′ i.e. εδ+1(Λ) ∼= Λ′. By proposition 4.4 ii), Λ′ ∼= (Y δY , [Y, Y −
n + 1]). We have the reduction: gldimΛ = 2δ + 2 + gldimΛ′. By induction we get:
gldimΛ = j(2 + 2δ) + 2δ + 1 = 2(δ + 1)(j + 1)− 1. 
Proposition 5.2. Let X = (j + 1)n − j, Y = jn − j + 1. Nakayama algebra Λ of
format (XαX , [X, Y ], Y βY ) is of global dimension 2α + 2(α + β + 1)j + 1.
Proof. Notice that εα+1(Λ) = (ε([X, Y ]), Y α+β). Hence by previous proposition and
proposition 4.4, we conclude that global dimension is 2α+ 2(α + β + 1)j + 1. 
Lemma 5.3. There are exactly K +1 many nonnegative solutions [a, b, j] of the equa-
tion
α + (α + β + 1)j = K.(5.2)
Moreover α + β takes all values between 0 and K.
Proof. Assume that the triple [a, b, j] satisfies a+(a+ b+1)j = K. Then the following
triples:
1) [a+ 1, b− 1, j] when b 6= 0
2) [0, a, j + 1] when b = 0
3) [0, j − 1, 1] and [0, 0, j + 1] when a = b = 0
4) [a+ 1, 0, 0] when b = j = 0
satisfies equation α+ (α+ β +1)j = K +1, [α, β, j] = [a, b, j]. When K = 2, there are
three solutions:
[0, 0, 2], [0, 1, 1], [2, 0, 0](5.3)
Assume that for arbitrary K we have K + 1 solutions. Now, by using moves 1),2),3)
and 4) we get K + 2 solutions of the equation α+ (α+ β + 1)j = K + 1, since [0, 0, j]
produces two distinct solutions [0, 0, j + 1] and [0, j − 1, 1] in item 3).
The second part of the statement follows from induction. For the solution 5.3, we get
α+β = 2. Moves 1),..,4) describing the solution of the equation 5.2 vary α+β between
0 and K + 2, claim follows. 
We restate the main theorem and prove it.
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Theorem 5.4. For a given odd integer k, and integer N there exists Nakayama algebra
Λ of rank N such that Λ is higher Auslander algebra of global dimension k.
Proof. We use the global dimension of the algebras studied in propositions 5.1, 5.2.
Therefore, we are looking for integers α, β, j, n which are solutions of the equations:
2α+ 2(α + β + 1)j + 1 = k(5.4)
(α + 1)X + βY = N(5.5)
X = (j + 1)n− j, Y = jn− j + 1.(5.6)
In the lemma 5.3, we showed that there are K + 1 distinct solutions of the equation
α + (α + β + 1)j = K. We can substitute K =
k − 1
2
to obtain equation 5.4.
We expand the equation 5.5 and substitute 5.4 and 5.6 to get:(
k − 1
2
)
(n− 1) + α+ β + n = N(5.7)
By the lemma 5.3, α + β takes every number between 0 and
k − 1
2
i.e.
0 ≤ α + β ≤
k − 1
2
Hence the left hand side of equation 5.7 can take the values(
k − 1
2
)
(n− 1) + n ≤ N ≤
(
k − 1
2
)
(n− 1) +
k − 1
2
+ n
(
k − 1
2
)
(n− 1) + n ≤ N ≤
(
k − 1
2
)
n+ n(5.8)
Since n is arbitrary, we can look the case n′ = n + 1:(
k − 1
2
)
n+ n + 1 ≤ N ≤
(
k − 1
2
)
(n+ 1) + n+ 1(5.9)
Notice that upper bound of 5.8 differs by one with lower bound of 5.9. Therefore
equation 5.7 has solution for any N greater or equal than
k + 3
2
which matches with
the upper bound of global dimension. This finishes the proof. 
Remark 5.5. Here we list solutions for the equation 5.2 for K ≤ 8:
{[2, 0, 0], [0, 0, 2], [0, 1, 1]}
{[0, 0, 3], [0, 2, 1], [1, 0, 1], [3, 0, 0]}
{[0, 0, 4], [0, 1, 2], [0, 3, 1], [1, 1, 1], [4, 0, 0]}
{[2, 0, 1], [0, 0, 5], [0, 4, 1], [1, 0, 2], [1, 2, 1], [5, 0, 0]}
{[6, 0, 0], [0, 0, 6], [0, 1, 3], [0, 2, 2], [0, 5, 1], [1, 3, 1], [2, 1, 1]}
{[0, 0, 7], [0, 6, 1], [1, 0, 3], [7, 0, 0], [1, 1, 2], [1, 4, 1], [2, 2, 1], [3, 0, 1]}
{[2, 0, 2], [2, 3, 1], [3, 1, 1], [8, 0, 0], [0, 0, 8], [0, 1, 4], [0, 3, 2], [0, 7, 1], [1, 5, 1]}
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Example 5.6. By using the theorem, we describe higher Auslander algebras for
Nakayama algebras of small dimensions.
• k = 5 By theorem 5.4, we look solutions for equation α + (α + β + 1)j = 2.
Solutions and corresponding algebras are:
1) α = 0, β = 0, j = 2, [3n− 2, 2n− 1] = (3n− 2, . . . , 2n− 1, (2n− 1)2n−1)
2) α = 0 β = 1, j = 1, ([2n− 1, n], nn) = (2n− 1, . . . , n2n)
3) α = 2, j = 0, β = 0 (n2n, n, . . . , 1).
We list examples of those in order when n = 4:
1) (10, 9, 8, 7, 7, 7, 7, 7, 7, 7), rank is 10
2) (7, 6, 5, 4, 4, 4, 4, 4, 4, 4, 4) rank is 11
3) (4, 4, 4, 4, 4, 4, 4, 4, 4, 3, 2, 1) rank is 12.
• k = 7 By theorem 5.4, we look solutions for equation α + (α + β + 1)j = 3.
Solutions and corresponding algebras are:
1) α = 0, β = 0, j = 3, [4n− 3, 3n− 2]
2) α = 0 β = 2, j = 1 ([2n− 1, n], n2n) = (2n− 1, . . . , n3n)
3) α = 1, β = 0, j = 1. ((2n− 1)2n−1, [2n− 1, n])
4) α = 3 ,β = 0, j = 0 (n3n, n, . . . , 1)
We list examples of those in order when n = 5:
1) (17, 16, 15, 14, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13) rank is 17
2) (9, 8, 7, 6, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5) rank is 19.
3) (9, 9, 9, 9, 9, 9, 9, 9, 9, 9, 9, 8, 7, 6, 5, 5, 5, 5, 5) rank is 18
4) (5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 4, 3, 2, 1) rank is 20
• k = 9 By theorem 5.4, we look solutions for equation α + (α + β + 1)j = 4.
Solutions and corresponding algebras are:
1) α = 0, β = 0, j = 4 [5n− 4, 4n− 3]
2) α = 0 β = 1, j = 2 ([3n− 2, 2n− 1], (2n− 1)2n−1)
3) α = 0 β = 3, j = 1 ([2n− 1, n], n3n)
4) α = 1, j = 1, β = 1 ((2n− 1)2n−1, [2n− 1, n], nn)
5) α = 4 ,β = 0, j = 0 (n4n, n, . . . , 1)
We list examples of those in order when n = 3:
1) (11, 10, 9, 9, 9, 9, 9, 9, 9, 9, 9) rank is 11
2) (7, 6, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5) rank is 12.
3) (5, 4, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3) rank is 14
4) (5, 5, 5, 5, 5, 5, 4, 3, 3, 3, 3, 3, 3) rank is 13
5) (3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 2, 1) rank is 15
Corollary 5.7. If we set n = 2, this covers the cases studied in [MMZ20] i.e. defect
one Nakayama algebras.
Proof. Since n is fixed, after substituting it into equation 5.7 we get:
k − 1
2
+α+β+2
as the number of simple modules. Since α + β varies between 0 and
k − 1
2
due to the
lemma 5.3, we get:
k + 3
2
≤ N ≤ k + 1(5.10)
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The main result N − 1 ≤ k ≤ 2N − 2 of [MMZ20], can be rewritten as:
k + 2
2
≤ N ≤
k + 1. Since k is odd, inequality 5.10 covers their result. 
Example 5.8. Here we present diagrammatically how to construct higher Auslander
algebras syzygy equivalent to A3. Each integer sequence corresponds to Kupisch series.
Arrows are operations, numbers on them shows increment of global and dominant
dimensions.
36321
+2
oo 33321
+2
oo 321
+2
oo
ε+2

5105433
+4
oo 555433
+4
oo 5433
+4
oo
ε+2

+2
// 5436
+2
// 5439
+2
//
71476544
+6
oo 7776544
+6
oo 76544
+6
oo
+4
//
ε+2

76548
+4
// 765412
+4
//
918987655
+8
oo 99987655
+8
oo 987655
+8
oo
+6
//
ε+2

9876510
+6
// 9876515
+6
//
Remark 5.9. Computation for k even is more complicated because there exists only
one cyclic Nakayama algebra of rank 2 which is (3, 2). This will be subject of another
paper [Sen], since there is not a uniform solution as we did here. We shall develop and
use different methods, for example gluing or copying same higher Auslander algebra,
will increase the rank but preserve dominant and global dimensions. For instance
(4, 4, 3, 4, 4, 3) is higher Auslander algebra of rank 6 and global dimension 4, which
we obtained by copying (4, 4, 3) twice. Another example to show interesting behavior
is (4, 4, 3, 4, 4, 3, 3, 3, 3), which is obtained by gluing (4, 4, 3) with (4, 4, 3, 3, 3, 3). One
can verify that global dimensions are 4 and 8 respectively, however glued algebra is of
global dimension 6. Moreover, it is ε2-equivalent to (2, 3, 2, 2, 1).
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